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Abstract. A result of Larsen concerning the structure of the approximate gradient of certain sequences 
of functions with Bounded Variation is used to present a short proof of Ambrosio's lower semicontinuity 
theorem for quasiconvex bulk energies in SBV. It enables to generalize to the SBV setting the decom- 
position lemma for scaled gradients in dimension reduction and also to show that, from the point of view 
of bulk energies, SBV dimensional reduction problems can be reduced to analogue ones in the Sobolev 
spaces framework. 
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1. Introduction 

Since the pioneering work [22] , the modelling of thin films through dimensional reduction techniques and 
T-convergence analysis has become one of the main issues in the field of Calculus of Variations. In the 
membrane theory framework in nonlinear elasticity, the problem rests on the study of the (scaled) elastic 
energy 

- / W(e)(y,Vv)dy 

of such bodies. Here f2 e := ui x (— e/2, e/2), where w is a bounded open subset of R 2 and s > 0, stands 
for the reference configuration of a nonlinear elastic thin film, v : fl £ — > R 3 is the deformation field which 
maps the reference configuration into a deformed configuration and W(e) : fl e x R 3x3 — > [0, +oo) is the 
stored energy density of the body which is a Caratheodory function satisfying uniform p-growth and 
p-coercivity conditions (with 1 < p < oo). From a mathematical point of view, the previous energy is 
well defined provided v is a Sobolev function in W l p (£l e ; R 3 ). 

To study the limit problem as the thickness e — > 0, it will be useful to recast the energy functional 
over the varying set Q e into a functional with a fixed domain of integration f2 := uj x (—1/2, 1/2). To 
this end, denoting by x a :— {x\ 1 X2) the in-plane variable, we set u{x ai X3) :— v(x a , e X3) so that, after 
the (now standard) change of variables 

- - 2/3 

Xa Vol ; ^3 ) 

p 

we are equivalently led to study the following rescaled functional 

(1.1) J W e (x,V a u ^V 8 tA dx, uG PF 1 ' p (f7;R 3 ), 

where W s ■ ^ x R 3x3 — » [0, +00) is the rescaled stored energy density expressed in the new variables 
and defined by W e (x a ,X3,t;) '■= W(e)(x a ,e X3,£). From now on, V a (resp. V3) will stand for the 
(approximate) gradient with respect to x a (resp. 23), £ = (^^3) for some matrix £ 6 R 3x3 and 
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z = (z a \z 3 ) for some vector z e R 3 . Thus in view of the p-growth of the energy, it is important to 
understand the structure of what we call the scaled gradient of u, i.e. 



(1.2) V a u 



In particular, if {u £ } C TU 1,p (f2; R 3 ) is a minimizing sequence uniformly bounded in energy, up to a 
subsequence, there always exist u e lU^^R 3 ) such that D 3 u = in the sense of distributions and 
b e LP(tt;R 3 ) such that u s u in lU^tyR 3 ) and (l/e)V 3 u £ b in LP(Q;R 3 ). The limit function u is 
nothing but the deformation of the mid-plane while b is called the Cosserat vector. It seems thus natural 
to expect a limit model depending on the pair (u, b). Unfortunately, this is still out of reach and we refer 
to [19] for a more detailed discussion on the subject. However, in [9] (see also [7]) a simplified model has 
been considered taking into account the bending moment b £ L p (w;R 3 ), i.e. the average in the transverse 
direction x% of b, instead of the full Cosserat vector field. 



In the framework of fracture mechanics, one usually adds a surface energy term, penalizing the presence 
of the crack. The simplest case consists in just penalizing its area leading to the so-called Griffith's surface 
energy. Thus, for a given crack, one should study the energy given by the competing sum of the bulk 
and the surface energies. Such fracture mechanics problems belong (among others) to the class of free 
discontinuity problems, that is variational problems where the unknown is not only a function, but a 
pair set/function. Based on the idea that the deformation may be discontinuous across the crack, it is 
convenient to study the weak formulation, replacing the crack by the jump set of the deformation and 
leading to a variational problem stated in the space of (Special) Functions with Bounded Variation. Now 
the energy in which we are interested is 



-/ W(e){y,Vv)dy+-H 2 (S v ), v e SBV p (n e ;] 



5 ), 



where V« is intended as the approximate gradient of v, S v is the jump set of v and H 2 stands for the 
2-dimensional Hausdorff measure. Writing as before this energy in the rescaled variables yields to 



(1.3) 



) d.r 



K) Q ;W 3 



dH 2 , u € SBV p (fl; R 3 ) 



where v u is the generalized normal to S u and (1.2) is now referred as the approximate scaled gradient of u. 



The aim of this paper is to study the connections between variational problems (1.1) and (1.3), 
possibly taking into account the presence of the bending moment vector field. To this end, we will use 
as main ingredient Theorem 4.1 which extends the Decomposition Lemma for scaled gradients (see [8, 
Theorem 1.1] or [13, Theorem 3.1]) to the SBV setting. It states that any S'SV-sequence with bounded 
rescaled bulk energy and whose derivative's singular part behaves asymptotically well, can be energetically 
replaced, up to a set of vanishing Lebesgue measure, by a sequence of Lipschitz maps whose scaled gradient 
is p-equi-integrablc. Thus it reduces the free discontinuity problem to a usual dimensional reduction one 
in the framework of Sobolev spaces. This result is nothing but a rescaled version of [21, Lemma 2.1] (see 
also Theorem 3.1 below). Using this structure theorem, we are able to show two integral representation 
theorems in SBV (Theorems 6.1 and 7.3) which say that, up to a subsequence, the functional (1.3) 
T-converges (in an appropriate topology) to a functional of the same kind, i. e. the sum of a bulk and 
a surface energy. Moreover, the surface energy is still of Griffith's type while the bulk energy is exactly 
the same than that obtained in the analogue Sobolev spaces analysis. The main importance of these 
representation theorems relies on the fact that results on dimension reduction in Sobolev spaces can now 
be extended to SBV (see [7, 5, 6, 9, 22]). 

Note that an integral representation result for dimensional reduction problems in SBV already exists 
(see [11, Theorem 2.1]). Even if this reference may seem more general from the point of view of the 
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hypothesis, it docs not contain as special case our results because the authors made strongly use of 
the fact that their surface energy had to grow linearly with respect to the deformation jump. This 
assumption was essential in order to get compactness in BV(fl;M. 3 ) of minimizing sequences. However, 
they suggested a way to remove that constraint by singular perturbation [11, Remark 2.2]. In our study 
we use a direct argument based on a trick introduced in [18] and which was already used in [4] in the 
framework of dimensional reduction. It consists in defining an artificial functional exactly as we usually do 
for the T-liminf, except that we impose the minimizing sequences to be uniformly bounded in L°°(Cl; R 3 ). 
Thanks to a truncation argument (see Lemma 6.2) we show that it actually coincides with the r-liminf 
for deformations u G _L°°(f2;R 3 ) and the advantage is that now, minimizing sequences turn out to be 
relatively compact in SBV (SI; R 3 ) thanks to Ambrosio's Compactness Theorem. We refer to [4] for a 
deeper insight on that subject. 

To close this introduction, we wish to stress that in this paper, we are mostly interested in represen- 
tation of effective bulk energies arising in 3D-2D dimensional reduction problems stated in SBV. For 
this reason we will consider a large class for such bulk energies while surface energies will be restricted 
to the simplified case of a Griffith's type one. However we are convinced that the results presented here 
could be generalized to a larger class of surface energies. 

The overall plan of the paper is as follows: after recalling some useful notations in section 2 and in 
order to show the technique in a more transparent way, we present in section 3 a short proof of Ambrosio's 
lower semicontinuity result for quasiconvex integrands using [21, Lemma 2.1]. Then in section 4 we prove 
our main tool, Theorem 4.1, thanks to a slicing argument together with [21, Lemma 2.1]. To reach our 
goal, we need to prove a general integral representation for the T-limit of (1.1) in W 1,p (Cl; R 3 ) x L p (uj; R 3 ) 
as a function of the deformation and the bending moment. This is the purpose of Theorem 5.1 in section 
5 which contains as particular cases [9, Theorem 3.1] (with W e (x, £) = W(£)) and [7, Theorem 3.4] (with 
W e (x,{;) = W(x,£)). In section 6, we refine the analysis of section 3 adding the difficulties of dimension 
reduction. From the integral representation in Sobolev spaces, Theorem 5.1, we deduce an analogue 
result in SBV, Theorem 6.1, which says that the T-limit of (1.3) in W(0;R 3 ) x L p (lu;R 3 ) has also an 
integral representation and that the bulk energy is exactly the same one than that obtained in the W 1,p 
analysis. This will be achieved thanks to Theorem 4.1 and a blow-up method which enables to reduce 
the problem to affine deformations and constant bending moments. Finally we deduce a similar result in 
section 7 without the presence of the bending moment. 

2. Notations and preliminaries 

If O C R N is an open set, we consider the Lebesgue spaces L P (Q; M. d ) and the Sobolev spaces W 1,P {VL\ R d ) 
in the usual way. When needed, we will precise what topology the space L p (fl;M. d ) will be endowed. In 
particular we will denote by Lf(fJ;R d ) (resp. L p w (ft;R d )) the space L p (i7;R d ) endowed with the strong 
(resp. weak) topology. Strong convergence will always be denoted by — > while weak (resp. weak*) 
convergence will be denoted by — 1 (resp. — 

We denote by .M(Sl;R d ) the space of vector valued finite Radon measures. If p e A4(il;M. d ) and E 
is a Borel subset of 0, we will write /iL£ for the restriction of p to E that is, for every Borel subset F 
of n, p L E (F) = p(E n F). The Lebesgue measure in R N will be denoted by C N while H N ~ 1 is the 
(N — l)-dimensional Hausdorff measure. We will denote by B the unit ball of M. N and by lon '■= C N {B) 
its Lebesgue measure. If x € l w and p > 0, B(x , p) := x + p B is the ball centered at x with radius 
p. The notation -f A stands for the average C N (A)^ 1 J A . 

The space of Functions of Bounded Variation is denoted by BV(Q,\ R d ) and we refer to [3] for standard 
theory of BV functions. We recall here few facts: if u € BV(Cl;Mr) then its distributional derivative 
Du e M(Q;R dxN ) and thanks to Lebesgue's Decomposition Theorem, we can write Du = D a u + D s u 1 
where D a u and D s u stand for, respectively, the absolutely continuous and singular part of Du with 
respect to the Lebesgue measure C N . Let S u be the complementary of Lebesgue points of u. We say 
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that u is a Special Function of Bounded Variation, and we write u G SBV(Q; R d ), if 

Du = \7uC N + (u+ - iT) ® i/ u H N - 1 L S u 

where Vm is the approximate gradient of u, v u is the generalized normal to S u and are the traces of 
u on both sides of S u . If E C 17, we say that £7 has finite perimeter in Vt provided \e G SBV(£Y). We 
denote by d*E (resp. d*E) the reduced (resp. essential) boundary of E. When p > 1, we define 

SW p (f7;R d ) := ju e SW(Q; R d ) : Vu £ L p (n;R dxN ) and H N ~\S U n ft) < +oo}. 

We say that a sequence {u„} C SBV p (Cl; R d ) converges weakly to some u G SBV P (Q; R d ), and we write 
u n in SBV p (n;R d ), if 

' u n -> u in L 1 (fi;R d ), 
< Vm„ Vu in L p (n;R dxN ), 

k (u^-u-Jigii/^W^LS^ - (^-n-)®^^"^^ inM(f!;K dxJV ). 

If Q := u x /, where w is a bounded open subset of M 2 and I := (—1/2,1/2), we will identify the 
spaces L p (lu;R 3 ), W 1,p ((j; M 3 ) or SBV p (lu;M. 3 ) with the space of functions v G LP(n;R 3 ), ^^^(fijR 3 ) 
or 55^(0; M 3 )) such that D 3 v = in the sense of distributions. 

By A{u>) we mean the family all open subsets of lo while 7Z(u>) stands for the countable subfamily of 
A(ui) obtained by taking all finite unions of open cubes contained in u, centered at rational points and 
with rational edge length. 

In the sequel, we will denote by Q' := (—1/2, 1/2) 2 the unit cube of R 2 and by Q'(xq,p) := xo + pQ' 
the cube centered at xo G R 2 and side length p > 0. Similarly B' :— {x a G M 2 : \x a \ < 1} stands for the 
unit ball in R 2 and B'(xo,p) := xq + p B' denotes the ball of R 2 centered at xo G R 2 and of radius p > 0. 

3. Lower semicontinuity of quasiconvex bulk energies in SBV 

This section is devoted to give a short proof of Ambrosio's lower semicontinuity result for quasiconvex 
bulk energies in SBV using the following theorem proved in [21, Lemma 2.1]. 

Theorem 3.1. Let ft C R N be a bounded open set with Lipschitz boundary and let {u n } C BV(Q;R d ) 
be such that 

SUp ||Un||w(Q;R<*) < +°°, 

< sup HVitnllipm-RdxiV) < +oo for some p > 1, 

, \D s u n \(n) ^o. 

Then there exists a subsequence {nk} S +oo and a sequence {uik} C W 1 '°°(fl;Mr) such that 

supHiOfell^i.pmjRd) < +oo, 
ken 

< {\\?Wk\ p } is equi-integrable, 
k C N ({w k ? u nk } U {Ww k + Vu nk }) -» 0. 

This theorem is nothing but the BV counterpart of the Decomposition Lemma, [20, Lemma 1.2], in 
Sobolev spaces. We now use the previous result to give a short proof of Ambrosio's lower semicontinuity 
result for quasi-convex bulk energies in SBV (see [2, Theorem 4.3] or [3, Proposition 5.29]). This will 
enable us to emphasize the techniques used in this paper, occulting the difficulties of dimension reduction. 
The same kind of arguments will be used in section 6 to prove the lower bound of Theorem 6.1. 
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Theorem 3.2. Let fi be bounded open subset ofR N and f : fi x R d x R dxN — > [0, +00) be a Caratheodory 
function satisfying 

(3.1) c\i\ p < f(x,8,0 < a(x) + ip(\s\)(l + |C| P ) V all (s,£) E R d x R dxN and a.e. x e fi, 

/or some p > 1, c > 0, a e ^(fi) and some increasing function ip : [0, +00) — > [0, +00). //£ f(x,s,l;) 
is quasiconvex for every s e R d and a.e. a; € i/ien 



liminf / f(x,u n ,Vu n )dx> / f(x,u,\7u)dx 



for any sequence {u n } C SBV(£l; R d ) converging in L 1 (ri;~R d ) to u G S*i?y(ri;R d ) and satisfying 
sup„H Ar - 1 (^«J < +00 • 

Proof. The proof is divided into three steps. We first apply the blow-up method to reduce the study to an 
affinc limit function. Then we prove that the resulting sequence can be modified, without increasing too 
much the energy, into another one uniformly bounded in L°° . Finally we apply Theorem 3.1 to replace 
this last sequence of SBV functions by a sequence of Sobolev functions. 

Step 1. Up to a subsequence, there is no loss of generality to assume the existence of nonnegative 
and finite Radon measures A and p <G .M(fi) such that f(-,u n ,Vu n )C N A and H N ~ 1 \— S Un p in 
A4(Q). To prove Theorem 3.2 it is enough to check that 



A(fi) > / f{x,u,Vu)dx 
Jn 



and thanks to Lebesgue's Differentiation Theorem, it suffices to show that 

d\ 



-Oo) > f(xo,u(x ),Vu(x )) 



dC N 

for £ N -&.e. x € fi- Select x € fi such that 

(a) x is a Lebesgue point of u and a and a point of approximate differentiability of u; 

(b) The Radon-Nikodym derivative of A with respect to C N exists and is finite; 

(c) the following limit exists and 

(3.2) lim = 0; 

(d) for any sequence {pi} \ + there exists a subsequence {pi(k)} and a /^-negligible set E C B 
such that 

(3.3) lim f(x + Pi(k)y,u(xo) + P*(k)S,£) = f{x ,u(x ),£) 

k — *+oo 

locally uniformly in R d x R dxN for any y £ B \ E. 

Note that £ N -&.e. points xq in fi satisfy these properties. Items (a) and (b) are immediate while item 
(d) is a consequence of [3, Lemma 5.38]. Concerning item (c), we remark that, setting 

rv \ r M(S(x,p)) 
6(x) :=hmsup jv-r, 

p^Q+ UN-IP" 

then {6 > 0} = U/S{© > l/h} and using [3, Theorem 2.56], we get that W Ar_1 ({0 > 1/h}) < hp({Q > 
l/h}) < +00. Thus £ N {{0 > 1/h}) = and consequently £ N ({G > 0}) = 0. 
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Consider a sequence {p k } \ + such that < p k < 1, Li(dB(x , p k )) = A(<9_B(x , p k )) = for every 
k e N and (3.3) holds with p k in place of Pi( k ). Then 

rfA X(B(x Q ,p k )) 
dC* {Xo) = Ao ^ 



= lim lim ^ / f{x,u n ,Vu n )dx 

fc-+oon-+oo WjV p J fe V J B (x a ,p k ) 

(3.4) = lim lim / f(x + p k y,u(x Q ) + p k u ntk ,Vu n , k ) dy 



where we set u n ^ k (y) = [u n (x + p k y) — u(xq)}/ p k . Since xo is a point of approximate differentiability of 
u, it follows that 

(3.5) lim lim \\u ntk - w ||z,i(B ; R<i) = 
where wo(y) : = Vu(xo)y. Moreover, by (3.2) we get that 

lim lim H N -\S Unk nB) = lim lim ^ 5(x , p fc )) 

(3.6) = lim M(5( ;°f fc)) = 0. 

From (3.4), (3.5) and (3.6), one can find a sequence n(k) / +oo such that, setting v k := u n i k \ k , then 
v k -» wo in i 1 (B;M d ), W JV ~ 1 (S , „ fc flB)^0 and 

(3.7) ^(so) = lim — / f(x Q + p k y,u(x ) + p k v k ,Vv k )dy. 
aJL fc^+oo cjjv 

From now on, all the integrals will be restricted to the unit ball B. 

Step 2. We now use the same truncation argument than in the proof of [3, Proposition 5.37]. 
Define v k := {\Jl + \v k — wq\ 2 — 2) + so that by Theorem 3.96 and Proposition 3.64 (c) in [3], v k € 
SBV(B), \Vv k \ < \Vv k - Vw | L N -&.e. in B and Sv k C S Vk . According the Coarea Formula in BV [3, 
Theorem 3.40], we have that 

/ H N - 1 (d*{v k >t}n(B\S ik ))dt < \Dv k \(B\S 6 J= f \Wv k \dx 

JO J B 



< / \\7v k — Vwo| dx 

J Bn{\v k -w a \>y/3} 

where we have used the fact that Vv k — £ N -&.c. in B n {\v k — w \ < V3}- From (3.7) and the 
p-coercivity condition (3.1), the sequence {Vwfc} is uniformly bounded in L p (B;R dxN ) and since p > 1, 
it is equi-integrable. Using the fact that C N (B n {\v k — wo\ > V3}) — > we obtain that the right hand 
side of the previous relation tends to zero as k — > +oo. Consequently, one can find t k € (0, 1) such that 
A k := {v k > t k } has finite perimeter in B and 

(3.8) lim H N - 1 (BDd*A k \S i , k ) = 0. 

Define w fc := WfcXB\A fc + w XBnA fc so that v k — » w in i 1 (_B;M d ). As |%| < < 1 in 5 \ A k it follows 
that |ffe — wo | < 2\/2 in £? \ and thus 

(3-9) ||«k|U°°(B;R<») < ||«fc||l,~(B\A fe ;R<*) + II Wo || L°° (B;R d ) < M 
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where M > is independent of k. Denoting by v k the exterior trace of v k on d*A k P\B oriented by the 
inner normal of A k , Remark 3.85 in [3] implies that \v k (x)\ < M for r H N ~ 1 -&.e. x £ d*A k fl B and thus 



L 



\v k -\dH N - 1 < MH N - 1 (d*A k r\B) < +oo 

d*A k nB 

so that [3, Theorem 3.84] ensures that v k £ SBV(B;R d ). Since S ik C S Vk U d*A k , by (3.8) we get that 

H N - x {B^s ik ) < n N - 1 {Br\S Vk ) + n N ~ 1 {Br\d,A k \s Vk ) 

< n N - 1 (Bns Vk )+n N - 1 (Bnd*A k \s i>k )^o 

where we used the fact that S$ k C S Vk and H N ~ 1 (Br\d*A k \d* A k ) = 0. Using the locality of approximate 
gradients and the p-growth condition (3.1), we get that 

f(xo + Pky,u{x ) + PkV k ,Vv k )dy = / f(x + p k y,u(x a ) + p k v k ,Vv k ) dy 

JB J B\A k 

+ f(xa + p k y,u(x ) + p k w ,Vu(x )dy 

J BnA k 

< / f(x + Pky,u( x o)+PkVk,^v k )dy 

JB 

+ / [a(x + p k y) + ip{\u(x ) + Pkw \)(l + \Vu(x )\ p )] dy. 
J BnA k 

By the choice of xq, the sequence {a(x + Pk)} is strongly converging in L X (B) to a(xo) and thus it is 
equi-integrable. Hence as £ N (A k ) < £ N ({\v k — wo\ > V3}) — » we deduce that the second term on the 
right hand side of the previous relation tends to zero as k — > +oo and thanks to (3.7) it follows that 

(3.10) — w (x ) > limsup / f(x + p k y,u(x ) + p k v k ,Vv k ) dy. 

O-L k^+oc UN Jb 

Step 3. By (3.9) we have that \D s v k \(B) < 2MH N - 1 (Sy k flB)^0 while the p-coercivity condition 
(3.1) and item (b) imply that 

SUp||Vvfc|| LP(BR dxiV ) < +oo. 

keN 

Consequently the sequence {v k } fulfills the assumptions of Theorem 3.1 so that considering a suitable 
(not relabeled) subsequence, there exist a Lebesgue measurable set E k C B and a sequence {w k } C 
W^°°(B;R d ) such that {\Vw k \ p } is equi-integrable, w k = i k on B\E k and £ N (E k ) -> 0. From the proof 
of [21, Lemma 2.1], it can also be checked that sup fc ||iWfc||x,oo(B ; ]Rd) < M. As 

/ \w k -w \dy< [ \v k -w \dy + 2M£ N {E k )->0 

JB J B\E k 

it follows that w k — > u> in L 1 (_B;R d ) and defining the set B k := {x £ B : \Vw k (x)\ < t}, relation (3.10) 
leads to 

— w {x ) > limsup limsup / f(x + p k y, u(x ) + p k w kl Vw k ) dy. 

aL t^+oo fe^+oo U N jB*\E k 

Using now (3.3) with p^ = p k , we obtain that 

lim / \f(x +p k y,u(x ) + p k w kl Vw k ) - f(x ,u(x ),Vw k )\ dy = 

k^+coJ B t\ Ek 

for each t > 0, implying that 

(3.11) -TFw( x o) > lim sup lim sup — f f(x ,u(x ),Vw k )dy. 

al- t^+oo k^+oo JB k \E k 
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Since C (E k ) — > 0, according to the p-growth condition (3.1) we get that for every t > 0, 



(3.12) 



f(x , u(x ),Ww k ) dy < (a(x ) + ip{\u(x )\)(l + t p ))C N (E k ) ► 

E k r\B\ k^+oo 



0. 



On the other hand, Chebyshev's Inequality ensures the existence of a constant c > (independent of k 
and t) such that C N (B \ B k ) < c/t p — > as t — > +oo, so that the equi-integrability of {| Vw k \ p } yields to 



(3.13) sup/ f(x ,u(x ), Vw k )dy < sup / (a(x ) + ^(|u(ar )|)(l + \Vw k \ p )) dy - — ■ — > 0. 

kef-iJB\Bi fceNJB\B* t^+oo 

5), we deduce that 

(x ) > limsup— f f(x ,u(x ),'Vw k )dy 
fe^+oo Wat j b 

and since W/t — ^ wq in W /1 ' P (S; R d ), we can apply [1, Theorem II-4] to conclude that 

dX 



3\Bl keNJB\^ k 

Gathering (3.11), (3.12) and (3.13), we deduce that 

dX 



dC N 



{xo) > f{x ,u(x ),Wu(x )). 



□ 



4. Structure of approximate scaled gradients 



In this section we prove the following Theorem 4.1 which is a similar result than Theorem 3.1 in the 
context of dimension reduction. Note that it generalizes [8, Theorem 1.1] and [13, Theorem 3.1] (with 
obvious changes for nD-(n — fc)D dimensional reduction). Its proof relies on a slicing argument similar 
to that used in [13, Theorem 3.1]. It will be instrumental in section 6 to prove Theorem 6.1 because it 
will enable to replace SBV minimizing sequences by Lipschitz ones without increasing the energy. 
From now on, CI := u> x I where w is a bounded open subset of M 2 and / := (—1/2, 1/2). 

Theorem 4.1. Assume that ui has a Lipschitz boundary and p > 1. Let {e n } \ + and {u n } C 
SBV p (n;R 3 ) be such that 

(4.1) 
(4.2) 









p , 


/ 




— V 3 u„ ) 


dx > 


In 




e n J 





J |(kj q |^kj ; 



dU 1 







and that u n u in SBV p (fl; M. 3 ), (l/e„)V 3 u„ ^ b in L p (fl;M. 3 ) for some u e VF 1 ' p (w;R 3 ) and b e 
L p (fl;M. 3 ). Then there exist a subsequence {s rlk } C {s n } and a sequence {z k } C W '°°(fl; M 3 ) such 
that z k u in W 1 ' p (fl;M 3 ), (l/e„jV 3 z fe b in L p (tt;M. 3 ), the sequence { | (V Q ^fe|^-V 3 Zfe) | P } is 
equi-integrable and 

C 3 {{z k £ u nk } U {Vz fe + Vu„J) 0. 

Proof. The proof is based on a slicing argument. We first come back to the non rescaled cylinder 
Vl Eri = u> x (— e n /2,e n /2) of thickness e„ setting v n (x a7 x 3 ) :— u n (x a , x$/e n ). It follows that for each 
n e N, v n e SBV p (Cl en ;M. 3 ) and changing variable in (4.1) we get that 



(4.3) 

and 
(4.4) 



SUP < |K||l,°o(n en ;R3) + 



nef 



Js, 



\Vv n \ p dx } < +oo 



dH z . 
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We now periodize the functions v n in the transverse direction defining 

!v n (x a ,-e n - x 3 ) if -e n <x 3 <-^f, 
v n (x a ,x 3 ) if -^f <x 3 <^f, 
v n (x a ,e n - x 3 ) if < x 3 < e n . 

Then v n e SBV p (lu x (-£„, e n ); M 3 ) for each n e N and from (4.3) and (4.4) it follows that 



(4.5) 

and 
(4.6) 



SU P \ ll u n||L=°(wx(-e„,e„):: 
raGN 



\Vv n \ p dx } < +00. 



WX( — £„,£„) 



H 2 (SvJ = 2e n [ ((y Un ) a ^(y Un ), 



dU 1 . 



We are now in a position to extend v n by periodicity in the x 3 direction. Note that we do not create any 
additional jump set because periodicity ensures continuity at the interface of each slice. Let 



1 1 

iZ + 2 



otherwise 



where [t] denotes the integer part of t. For every i e {— N n , . . . , N n }, we set := ({2i — l)e n , (2i + 
l)e„) and Qj ; „ := w x Note that N n is the largest integer such that £1 n Oj ; „ 7^ for every 

z G {— iV„, . . . , N n }. We define the function v n on Q(n) := u x (— (27V„ + l)e n , (2iV„ + l)e n ) by extending 
u n by periodicity in the x 3 direction on Q,{n): 

v n (x a ,x 3 ) = v n {x ai x 3 - 2is n ) if x 3 e /,,„. 

Since SI C Cl(n), v n e S'BV^fi; R 3 ) and thanks to (4.5) and the definition of N n , we have that 

(4.7) sup<^ ||u n ||i,«>(n;R3) + / \Vv n \ p dx J> < +00 

n£N L Jn 

while (4.6) together with (4.2) imply that 

(4-8) H 2 (SvJ<cf ((vu„) a — K„) 

As a consequence of (4.7) and (4.8), the sequence {v n } fulfills the assumptions of Theorem 3.1. Hence 
there exist a subsequence {e„ fc } C {e„} and a sequence {wk} C W 1,co (Q; R 3 ) such that 

sup||tyfc||wi,P(fi;ni3) < +00, 
feeN 

{|Vwfc| p } is equi-integrable, 

k £ 3 {{vn k ¥= Wk} U {Vi nk + Vw k }) -> 0. 

From De La Vallee Poussin's criterion, one can find an increasing and continuous function 1? : [0, +00) — > 
[0, +00] such that /£ — > +00 as t — > +00 and 

< +00. 



rfH 2 0. 



(4.9) 



sup / ??(|Vu; fe | p )dx 

1,- 

[0(|Vtu fc | p ) + Kp> + |Vw fe | p ] dx < / [^(|V^| P ) + K| p + |Vw fe | p ] dx. 



We claim that for at least half of the indexes i G {— N nk + 1, . . . , 7V„ fc — 1}, there holds 

™ nk - 1 r 

2 ^ t ,„ fc 
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If not, define J k to be the set of indexes i e {— N„ k + 1, . . . , N nk — 1} such that (4.9) does not hold. Then 
it would imply that #(J k ) > (2N, lk - l)/2 and 

/ [&(\Vw k \ p ) + \w k \ p + \Vw k \ p ]dx > J2 I [&(\Vw k \ p ) + \w k \ p + \Vw k \ p ]dx 

> om 2 i #W / [0(\Vw k \*) + \w k \* + \Vw k \*]dx 
*^n k - t Jn 

which is absurd. Similarly, one can show that for at least half of the indexes satisfying (4.9), we have 
that 



2N n 



■C 3 LSi„ lk ({v nk ^w k }U{Vi nk ^ Vw k }) < £ 3 ({5„ fc ^w k }\j{Vv nk ^Vw k }). 



(4.10) 

Let i k E {—N nk + 1, . . . , N nk — 1} be such that (4.9) and (4.10) hold at the same time. Define now 
z k (x ai x 3 ) := w k (x ai e nk x 3 + 2e nk ik)- Changing variable in (4.9) and (4.10) and using the construction 
of v„ k from u nk we get that 



2N nk - 1 



d 



V a z k 



-V 3 2; fe 



+ \z k \ p - 



V a z k 



-V 3 z fc 



dx 



< 



[d(\Vw k \ p ) + \w k \ p + \\7w k \P]dx 



and 



2JV„. - 1 



£ 3 L SI {{u nk + z k } U {Vu nk ^ Vz fe }) < C 3 ({v nk ^ w k } U {V<, ^ Vw k }). 



Since s nk (2N nk — 1) > 1/4 for k large enough, it follows that 



sup 

fceN Jn 



V a z k 



-V 3 z fe 



\z k \ p + 



-V 3 z fe 



dx < +oo, 



C 3 ({u nk £ z k } U {Vu nk £ Vz fe }) -» 



and the equi-integrability of { | (V a z k \-^— V 3 Zfc) | p } follows from De La Vallee Poussin's criterion. 

It remains to prove the weak convergence of z k and (l/e nk )W^z k . Let v £ L p (Si; R 3 ) with 1/p+l/p' = 
1, then 

/ (z k — u) ■ v dx = / (u nk — u) ■ vdx + (z k — u) ■ v dx. 

Jn J{z k =u nk } J {z k ^u„ k } 

As C 3 ({z k ^ u„J) — > 0, it follows that t)X{z t =»„ } ~~ * w m L p (£1;R 3 ). Then, using Holder's Inequality, 
the fact that {z k } is uniformly bounded in L P (S1;R 3 ) and that u nk — 1 w, in L p (f2;R 3 ), we obtain that 

lim I (z k -u) - vdx < lim / (u„ k - u) ■ vX{ Zk = Uni \ dx 

fe^+oo J n fe^+oo J n k 

+ fe^+oo " Zfe ~~ u ll iP (^WI u X{^«„ fc }llLp'(n ; R3) = °' 
Similarly we may show that Vz k V« in R 3x3 ) and that (l/e„jV 3 z fc b in R 3 ). □ 



5. Integral representation for dimension reduction problems in Sobolev spaces 

involving the bending moment 

Consider a Caratheodory function W e : Six R 3x3 — > [0, +oo) satisfying uniform p-growth and p-coercivity 
conditions: there exist < /?' < /3 < +oo and 1 < p < +oo such that 

(5.1) 



P'm p <w E ( X ,o<P^ + m 
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for a.c. x E n and all £ e R 3x3 . Define J £ : L P (Q; R 3 ) x Lp(w; R 3 ) x A(lu) [0, +00] by 

x, V Q u 




Je{u,b,A) := <( j Ax /'^^«%^ r " \ ^i/.VsuC^&s, 
-00 otherwise. 
We prove the following integral representation for the T-limit. 

Theorem 5.1. For every sequence {e n } \ + , £/iere errasi a subsequence (not relabeled) and a Caratheodory 
function W* : cu x R 3x2 x M 3 — ► [0, +00) (depending on the subsequence) such that for every A E A(u>), 
the sequence J £n {-, -,A) Y -converges in L P S {A x 7;R 3 ) x L p w (A;M 3 ) to J{-, -,A) where 



J{u,b, A) 



I L w ' { 

[ +00 



u{x a )\b{x a ))dx a ifu E W^p(A; 

otherwise. 

Proof. For every {e n } \ 0+, u E LP(Q;R 3 ), b E L p (lj;M. 3 ) and A E A{w), let 



J{u,b,A) := inf <^ lim inf J Sn {u n ,b n , A) :u n ->u\n L P (A x 7;R 3 ) and b n ^ 6 in i p (A;R 3 ) 



n — >+oo 



Repeating word for word the (standard) proof of [9, Lemma 2.1] one can show that there exists a 
subsequence, still labeled {e„}, such that for any A E A(oj), J(-,-,A) is the T-limit in L P S {A x 7;R 3 ) x 
L P W {A;M?) of J Sn (;;A), that J(u,b,A) = +00 if u E L p (fi;R 3 ) \ W^ P {A;R 3 ) and that for every 
(u, b) E W 1,p {w; M 3 )xL p (w;M 3 ), the set function J(u,b, •) is the restriction to A(lu) of a Radon measure 
absolutely continuous with respect to the Lebesgue measure C 2 . The remaining of the proof is very close 
to that of [14, Theorem 1.1], thus we will only point out the main changes. Let £ E R 3x2 , z E R 3 and 
x E u), define 

TXT"* / 71 \ i * J(u ? ,b z ,Q'(xo,p)) 

W (xoA\z) :=hmsup 5 

P ^o+ P 

where we have denoted Uj{x a ) := £ x a and b z {x a ) := z. Since J(uj,b z , •) is (the restriction of) a Radon 
measure absolutely continuous with respect to £ 2 , we have for every A E A(w), 

(5.2) J{uj,b z ,A) = W*{x a ,l\z) dx a = W*{x a ,V a uj\b z ) dx a . 
By additivity, it is clear that 

(5.3) J{u,b,A)= [ W*(x a ,V a u\b)dx a 

J A 

holds whenever u is piecewise affine and b is piecewise constant in A and we wish to extend (5.3) to 
arbitrary functions u E T4 /1 ' P (A;R 3 ) and b E L P {A:R 3 ). 

Using the lower semicontinuity of J and a suitable choice of sequence, one can show as in [14, 
Theorem 1.1] that £ 1— > W*{x§, (\z) is rank one convex. We claim that z W*{xq,£\z) is convex. To see 
this let 8 E [0, 1], z\, z 2 E R 3 and £ E R 3x2 . Fix x E oj, p > and take an open set A C Q'(xo,p) such 
that C 2 (dA) = and C 2 (A) = 9p 2 (take e.g. A = Q'(x , VOp)). Define 

b n (x a ) ■= ZiX{nx a ) + z 2 (l - x{nx a )) 
where \ is the characteristic function of A in Q'(xo,p) which has been extended to R 2 by p-periodicity. 
Riemann-Lebesgue's Lemma asserts that b n — ^ be Zl +(i-e)z 2 ln L p (Q'(xo, p); R 3 ) and since J(uj, ■, Q'(xo, p)) 
is sequentially weakly lower semicontinuous in L p (Q'(x , p); R 3 ), it follows that 

J(u7,b ezi+ (i-o) Z2 ,Q'(x ,p)) < limmfJ(u7,b n ,Q'(x ,p)) 

(5.4) = liminf |j(M f ,6 Zl ,A„) + J(fc,6 Z2 , Q'(x , p) \ 3„)| 

n— >+oo L *» *■ J 
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where A n := {x a e Q'(x ,p) : xi nx a) = 1} is an open set. Note that in the last equality, we have used 
the fact that since C 2 (dA n ) = 0, then J(u^,b n , dA n ) = as well and that J is local on open sets. Using 
once more the Riemann-Lebesgue Lemma together with (5.2), we get that 

lim J(u z ,b zl ,A n ) = lim / x(nx a )W*(x a ,J\z 1 )dx a 
™^ +0 ° 5 n ^ + °° Jq'(x„, p ) 

= f W*(x a ^\ Zl )dx a 

JQ'(xo,p) 

= 0J(u^,b Zl ,Q'(x o ,p)) 

and similarly for the second term of (5.4). Hence we deduce that 

J{uj,be Zl+{1 - 6)z2 ,Q'{x ,p)) < ej(u 1 ,b Xl ,Q'(xo,p)) + (1 - 6)J{ Uj ,b Z21 Q'(x , p)) 

and the convexity of W*(xq, £|-) arises after dividing the previous inequality by p 2 and taking the lim sup 
as p tends to zero. It follows that (£|z) W*(xo^\z) is separately convex for a.e. mew and since the 
following p-growth and p-coercivity conditions hold 

(5.5) P'{\l\ p + \z\ p ) < W*(x ,Z\z) < (3(1 + |C| P + \z\ p ), for a.e. x e w and all (£, z) E K 3x2 x K 3 , 

we conclude that (^|z) W*(x ,£,\z) is continuous for a.e. x n e uj which proves that W* is a 
Caratheodory function. 

We now prove that (5.3) holds for any (u, b) € W 1 ' P (A; R 3 ) x L P (A; R 3 ). By approximation and thanks 
to the lower semicontinuity of J(-,-,A) for the strong W 1 ' P (A; R 3 ) x L P (A;R 3 ) topology, there holds 



J{u,b,A)< / W*{x a , \7 aU \b)dx c 

J A 



for any (u, b) £ W 1,P (A; R 3 ) x L P (A; R 3 ) and it remains to prove the converse inequality. This is achieved 
exactly as in the final step of the proof of [14, Theorem 1.1], by considering the translated functional 

J(v,c,A) := J(u + v,b + c,A) 

where (u,b) are arbitrary functions in W 1 ' P (A;R 3 ) x L P (A;R 3 ). □ 

We refer to [8, 9] for more explicit formulas for the integrand W* in particular cases. 

The following technical proposition states some kind of blow-up result for functionals through T- 
convergence. It will be of use in the proof of the lower bound in Theorem 6.1 because at some point, we 
will need to get rid of small residual terms occurring inside the integrand W £ . In [5, 6, 7], this difficulty 
was treated thanks to a decoupling variable method which consisted in replacing the function W e by 
a much more regular one thanks to Scorza-Dragoni's Theorem and Tictzc's Extension Theorem, and 
the set where these two integrands did not match was controlled thanks to the equi-integrability result 
[8, Theorem 1.1]. This method was quite powerful in that context since the manner on which W £ was 
depending on e was completely known. However, in the generalized framework considered here, it does 
not apply anymore since we have no information on the way W e depends on e. The following blow up 
result, together with a diagonalization argument (see Remark 5.3 below), will enable us to overcome that 
problem. 

Proposition 5.2. There exists a set N C u) with C 2 (N) = such that for every {p/,} \ + and every 
x a euj\N, the functional J k : L P (B' x I; R 3 ) x L P (B'; R 3 ) -> [0, +oo] defined by 

T . TN if W*(xo+p k Xa,Vau(x a )\b(x a ))dx a if u € W^(B'; R 3 ) 
J k {u,b) = < J B > 

[ +oo otherwise, 
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T-converges m L P (B' x 7;R 3 ) x L p w (5';R 3 ) to J : L P {B' x 7;R 3 ) x L p (B';R 3 ) -> [0,+oo], w/iere 

Ty*(xo, V Q u(a; a )|6(a; Q ))da; Q if u E W 1,P (B'; R 3 ), 
+00 otherwise. 



J{u, b) 



Proof. The proof relies on the Scorza-Dragoni Theorem (see e.g. [17, Chapter VIII]). For any q E N, there 
exists a compact set K q <Z uo with £ 2 (uj\K q ) < 1/q and such that VF* is continuous on K q x R 3x2 x R 3 . 
Let N := Lu\\J q K* where 

(56) K*-{xEK .M ^M^) q] 

(5 - 6) K ? .- e K ? . hm £ 2 (B'(z ,p)) -°/- 

Since £ 2 (if 9 \ if*) = 0, then £ 2 (7V) < £ 2 (w \ if*) = C 2 (lu \ K q ) < 1/q -> 0. Select a point i ew\JV, 
so that xo € K* for some ge N. 

The upper bound. Assume first that u E W 1 ' 00 ^'; R 3 ) and b E L°°(B';R 3 ) and set M := 
||(V a u|6)||^oo( S / ;R 3x3). Then according to the p-growth condition (5.5) 

J k (u,b) = / W*(x + p k x a ,V a u\b)dx a 

(5.7) < / W *( a;o + Pfe ^ ) V Q u|6)rf a;a +/3(l + MP)£ 2 fs'\f^^')y 

7s'n(-^a) V \ Pk J J 

As is uniformly continuous on if g x 5(0, M), there exists a continuous and increasing function 
r\ : [0, +00) — > [0, +00) such that 77(0) = and 

(5.8) / ,^ _ jn„i W a u\b) - VF*(a;o, V a u\b)\ dx a < rj(p k ). 

Gathering (5.6), (5.7) and (5.8) and passing to the limit as k — > +00 yields to 

r-limsup J k (u,b) < limsup Jfe(u, 6) < J(u,b). 

The general case follows from the density of W l oo (B'-. R 3 ) x L°°(B'; R 3 ) in W 1 ' P (B'; M 3 ) x L P (B'; R 3 ), the 
lower continuity of the r-limsup and the continuity of J for the strong W 1 ' P (B'; R 3 ) x L P (B'; R 3 )-topology. 

The lower bound. Let (u,b) E L P {B' x J;R 3 ) x L P (B':R 3 ) and {(u k ,b k )} C L P (B' x 7;R 3 ) x 
L P {B';R 3 ) such that u k -» u in x I;R 3 ), 6 fe 6 in LP(B';R 3 ) and 

liminf J k (u k ,b k ) < +00. 

/c — >+oo 

Up to a subsequence (not relabeled) we can suppose that u and u k E W 1,P {B'; R 3 ) for each k E N and 
that Mfe — 1 u in W 1 ' P (B': R 3 ). According to the Decomposition Lemma [20, Lemma 1.2] and Chacon's 
Biting Lemma [3, Lemma 5.32], there is no loss of generality to assume that {|V Q Wfc| p } and {|&fc| p } are 
equi-integrable. Define the set A\ :— {x a E B' : \(V a u k (x a )\b k (x a ))\ < i}. From Chebyshev's Inequality 
we have that C 2 (B' \A\) < c/t p for some constant c > independent of t and k and arguing exactly as 
in the proof of the upper bound, one can show that for each t > 0, 

(5.9) liminf J k (u k ,b k ) > liminf / W*(x , V a u k \b k ) dx a . 
According to the p-growth condition (5.5) and (5.6), 

' Kg- X 



(5.10) / W*(x ,V a u k \b k )dx a <f3(l + t p )£ 2 (B>\ 



fc— '+OG 
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while the equi-integrability of {|V a u*;| p } and and the fact that C 2 {B'\ A\) — > as t — > +00 imply 

that 

(5.11) sup/ W*{x ,V a u k \b k )dx a </3sup / (l + \V a u k \ p + \b k )\P)dx a > 0. 

Hence gathering (5.9), (5.10) and (5.11) yields to 

liminf J k (u k , b k ) > liminf J(u k , b k ) > J(u,b) 

k — >+oo k — >+oo 

where the last inequality holds because J is sequentially weakly lower semicontinuous in W 1 ' P {B'; R 3 ) x 
LP(B';M. 3 ). □ 

Remark 5.3. One can show that in Theorem 5.1, the value of J docs not change replacing W En by is 
quasiconvexification QW En defined by 

(5.12) QW en {x,0~ inf / W en {x,£ + Vip{y))dy for all £ e R 3x3 and a.e. iefi. 

VeWo ,OC (( 4) 3 :K 3 ) J(0,1) 3 

Hence there is no loss of generality to assume in Theorem 5.1 that W e is quasiconvex. Since the weak 
topology on every normed bounded subsets of L P (B';M. 3 ) is metrizable, it follows from a diagonalization 
argument, Theorem 5.1, Proposition 5.2 and the fact that T-convergence of coercive and lower semicontin- 
uous functional on a metric space is metrizable (see [16, Theorem 10.22 (a)]), that for every M > and 
every sequence {p k } \ + , there exists a subsequence n(k) / +00 such that £„(&)/ ' p k — > and for every 
(u,b) e LP(B , xI;M 3 )xLP{B , ;R 3 ) with \\b\\ LPiB '^) < M, then the T-limit in L%(B' x J; M 3 ) x W w {B 1 ; R 3 ) 
of 

f ( Pk \ f ue W 1 ^P{B' x /;R 3 ), 

J Bix We nW {x + PkXa ,X 3 ,V a U—V 3 u)dx if I 5 = _ ffe//V3u( . ;X3)dx3; 

+00 otherwise, 
coincides with 

/ W*(x ,V a u\b)dx a ^ueW^P(B';R 3 ) 7 

JB' 

+00 otherwise 
for every x € w \ N, where N C w is the same exceptional set than in Proposition 5.2. 

6. Integral representation for dimension reduction problems in SBV involving the 

BENDING MOMENT 

We now come to the heart of this study that is dealing with a similar problem than in Theorem 5.1 but in 
the framework of Special functions with Bounded Variation, adding a surface energy term. Let us define 
G e : BV(Ct; M 3 ) x LP(uj;R 3 ) -> [0, +00] by 

u e SBV P {Q;R 3 ), 
b= i Jj\7 3 u(-,x 3 )dx 3 , 



Qe(u,b) :-- 




W e x, V a u 



-V3M j r/.f 



dH 2 if 

otherwise 

Then, the following T-convergence result holds: 



Theorem 6.1. For every sequence {e n } \ + 7 there exists a subsequence, still labeled {s n } such that 
g £n T -converges m Ll(fl;R 3 ) x LP(w;R 3 ) to Q : BV(Sl;R 3 ) x LP(lo;R 3 ) -» [0, +00] defined by 



G(u,b) r- 



{ +0 



W*(x a ,V a u\b)dx a +n 1 (S u ) ifueSBVP(uj; 

+00 otherwise, 
where W* is given by Theorem 5.1. 
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The remaining of this section is devoted to prove Theorem 6.1. We will first localize the functional Q e 
on A(u>), and noticing that minimizing sequences arc not necessarily weakly relatively compact in BV , 
we will use the same truncation argument than in [4] (see also [18]) introducing an artificial functional. 
Then we will show that it actually coincides with the T-limit whenever u e BV(Cl; R 3 ) n R 3 ) (see 

Lemma 6.2 and Remark 6.3) and it will enable us to show that for such u's the T-limit is a measure 
absolutely continuous with respect to L 2 + H. 1 L S u (see Lemma 6.6). Together with a blow up argument, 
this property will be useful to prove the upper bound in Lemma 6.3 while the lower bound, Lemma 6.4, 
will obtained thanks to Theorem 4.1 and a suitable diagonalization argument (sec Remark 5.3). 

6.1. Localization. We first localize our functional on A(u>) defining Q e : BV(fl; R 3 )xL p (w;R 3 )xA(uj) — > 
[0, +oo] by 



G e (u,b,A) :-- 



Axl 



W e x, V a u 



iv 3 u ) (/.!■ 



+ 



/ 



(Axl) 



KL - K) 



if 



u e SBV P {A x /;] 
b= \ Jj\7 3 u(-,x 3 )dx 3 , 



otherwise. 

For every sequence {e„} \ 0+ and all (u, b, A) e BV(fl;R 3 ) x L p (lo;R 3 ) x A{lo), we define 
(6.1) £{u,b,A):= in| I liminf Q e (u n , b n , A) : u n -» u in L^A x I; R 3 ), b n b in L P (A; R 3 ) 

Theorem 8.5 and Corollary 8.12 in [16] together with a diagonalization argument imply the existence 
of a subsequence, still denoted {s n }, such that, for any A € 1Z(u>) (or A = uj), £(-,-, A) is the T-limit 
of Q En (-,-,A) in L\{A x 7;M 3 ) x Lp,(A;M. 3 ). Extracting if necessary a further subsequence, one may 
assume that {e n } is chosen so that Theorem 5.1 holds. To prove Theorem 6.1, it is enough to show that 
£{u,b,oj) = Q{u,b). 

6.2. A truncation argument. As pointed out in [4], the main problem with the definition of £ in (6.1) 
is that minimizing sequences are not necessarily bounded in BV(fl;M. 3 ) and thus, not necessarily weakly 
convergent in this space. Following [4], we define for all (u,b, A) e i?y(£!;R 3 ) x L p (w;R 3 ) x A(uj) 

£<x>(u,b,A) := inf -Himinf Q e (u n , b n , A) : u n — > u in L X {A x I; R 3 ), 

{m„,6„} ^ n^+oo 

b n -± b in L P (A;R 3 ), sup ||u„||l~(Ax/ : r3) < +oo 

neN 



}■ 



It is immediate that £(u,b, A) < £oo(u,6, A) while we will show that equality holds when u belongs 
to BV(f2;R 3 ) n L°°(f2;R 3 ). This will be obtained as a consequence of Lemma 6.2 below. It means 
that for such deformation fields u £ BV(£l;M. 3 ) n L°°(ri;R 3 ), strong L 1 (fi; R 3 )-convergence and weak 
BV(fl; R 3 )-convergence are, in a sense, equivalent for the computation of the r-limit. 



Lemma 6.2. Let A e A(u>), u e BV(Q; R 3 ) nL°°(0; R 3 ) and be L p (lu;R 3 ). If {«„} C SBV p {AxI; 
is such that u n — > u in L X (A x 7;R 3 ), — Jj V3U n (-, x$) dx 3 — ^ 6 in L P (A;M. 3 ) and the following limit 



L := lim Q e 

n^+oo 



1 f 



V 3 m„(-, x 3 ) dx 3 , A 



exists and is finite. Then, for any rj > one can find C > and {w n } C SBV P (A x I; Mr) such that 
w n —>u in 1}{A x I;R 3 ), j- JjV 3 w n (-,x 3 )dx 3 -^b in L P (A;R 3 ), sup„ ||w„||l~(Ax/ ; r3) < C and 



L > limsup^ e 

n— >+oo 



J V 3 w n (-,x 3 )dx 3 ,A^j - rj. 
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Proof. Let us define a smooth truncation function ipi G C^(R 3 ;K 3 ) satisfying 

f s if \s\ < e\ 

(6.2) ^(s) = and |V^(s)| < 2. 

[ if |s| > e t+L 

Let u; nj i := <fi(u n ), thanks to the Chain Rule formula [3, Theorem 3.96], w n s € SBV P (A x 7;R 3 ) and 

\\Wn,i\\L°°(AxI;R 3 ) S e , 



(6.3) 



Vw„ )t = V<pi(u n )Vu n £ 3 -a.e. in A x I. 



Since u <G L°°(f2;K 3 ), we can choose i large enough (i > m := [lndlwIl^o^Q.Ra))] + 1) so that u = ^i(w) 
and thus according to (6.2) 



(6.4) 



\\Wn,i - u\\ L i( A xI;M 3 ) = \\Pi(u n ) ~ Pi ( u ) II L^Ax I;R 3 ) < 2||ti„ - u|| L'fix 7;R3) • 



Since (a subsequence of) u n — > u a.c. \n Axl and V^i is continuous, it follows that Vpi(u n ) — > V = 
Id a.e. inixJasm +oo. Take u e i p '(A;M 3 ) where 1/p+l/p 7 = 1, as |V^(u„) T u| < 2|v| G i p '(A), 
the Dominated Convergence Theorem implies that Vipi(u n ) T v — ► u in L p (A x /; R 3 ) and thus 

lim [ ( — [ V 3 w n .i(x a ,x 3 )dx 3 ) ■ v(x a )dx a = lim / — V 3 u„ • (V^(u rl ) T w) 

n^+ooJ A \e n Jj J n ^+°°J A xI S: n 

= b ■ v dx a , 

J A 

where we used the fact that (l/e n )V 3 u n — 1 b in L p (^4 x J; M 3 ) and b = Jj b(-,x 3 ) dx 3 . Hence 
(6.5) — / V 3 w ni (-,x 3 )dx 3 >■ 6 in L P (A;R 3 ) 7 for alH > m. 

E n J j n^+oo 

The growth condition (5.1), (6.2) and (6.3) imply that 

1 



Axl 



W £ „ I x,V a w n , 



< 



-V 3 w„ a dx 



W e „ ( x, V Q u„ 



{e*<|u„|<e < + 1 } 



(6.6) 



/ 

J{\u n \<e*} 

/ 

J Axl 

j 

J{e i <\u n \<e*+ 1 } 



V 3 u n \dx + (3C i {{\u n \>e l+ "}) 



W Sn x,V(pi(u„)V a u n — V^i(« n )V 3 ii„ dx 



< / W En ( x, V a u n 

JAxI 

+2 p /3 



— V 3 u„)dx + /3e 4 ||m„||li(ax/;R3) 









— V 3 ?i„ J 







where we have used Chebyshev's Inequality. Since v Wn i {x) = ±v Un (x) for H 2 -&.e. x e S Wn i , (6.3) yields 
to 



(6 



• 7) / 

Js w „ ,n 



(Ax/) 



7" 



(M 2 < 



s„„n(Ax/) 



£71 
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Let Meff, from (6.6) and (6.7), a summation for i = m to M implies that 



1 



M 



M - TO + 



Axl 



W Sn x,\7 a w n ,i — V 3 7t>„,i dx 



+ / (0Vm) q 7- ("«»„,,): 



cM 5 



< 



/ 

JAx7 







(W)a 






— V 3 u„ J dx+ [ 


7-Kn) 3 ) 




£ n J JS„„n(Ax/) 







(M 2 



M 



1' 



where 



C = /?SUp ||li„|| L l(Ax/;R3) X!' 



nG 



i>l 



2 p /?sup 

nGN 



-V3U7 



We may find some i n <G {to, . . . , M} such that, setting to„ := w n ^ n , then 











^X, V a W n 


— V 3 W„ ) 


>AxI 







da: 



,n(Ax7) 



p 

Lp(Ax7;I 

dft 2 



< +00. 



(6.8) 



< 



/ 

JAx7 



W en x, V a u r 



— V 3 w„ I dx + 

£■71 



I 

Js»„n 



(Ax I) 



KJ Q — K„) S 



dW 2 + 



M - to + 1 



Moreover, in view of (6.4) and (6.5), io n — > u in L X {A x I:R 3 ), j- Jj V 3 w„(-, x 3 ) dx 3 b in £ p (^4; 
and (6.3) implies that ||uVi||7,°°(Ax7;R 3 ) < e 4 " +1 < e M+1 . The proof is achieved passing to the limit as n 
tends to +00 in (6.8) and choosing M large enough so that c/(M — m + 1) < 77. □ 

Remark 6.3. As a consequence of Lemma 6.2, we get that for any A e 1Z(cu) (or A = u), every 
u € W(Q;R 3 ) nL°°(fi;M 3 ) and every 6 e L p (w;R 3 ), then £(u,b, A) = Eoo{u,b, A). 

Remark 6.4. A similar statement of Lemma 6.2 can be proved in the framework of Sobolev spaces, 
replacing Q En by J £n . 

Remark 6.5. Using a relaxation argument in SBV P as in the proof of [4, Lemma 3.4] and Lemma 
6.2, one can show that if u € SBV p (u; R 3 ) n L°°(w;R 3 ) and if b e L p (uj;R 3 ), the value of does 
not change replacing W £n by is quasiconvexification QW £n defined in (5.12). The main point is that 
the diagonalization argument can still be used despite the weak L p (u>; R 3 )-convergence of the bending 
moment since the dual of L p (lj;R 3 ) is separable. Hence we may assume without loss of generality that 
W e is quasiconvex. In particular (see [15, Lemma 2.2, Chapter 4]), the following p-Lipschitz condition 
holds, 

(6.9) \W e {x,&)-W e {x,&)\ ^ca + lar' + l&r 1 )^-^, for alia, 6 € R 3x3 and a.e. x e fi. 

Lemma 6.2 and Remark 6.3 are essential for the proof of the following result because they allow us to 
replace strong L 1 ^; R 3 )-convergence of any minimizing sequence by strong L p (fl; R 3 )-convergence. 



Lemma 6.6. For all u e SBV p (uj;R 3 ) n L°°(w;R 3 ) and all b e L p (uj;R 3 ), £oc(w,&, ■) is the restriction 
to A(uj) of a Radon measure absolutely continuous with respect to C 2 +TL 1 \— S u . 



Proof. Let u e SBV p (lo;R 3 ) n L°°(w;R 3 ), A e A(lu) and assume first that 6 is smooth. Then taking 
u n (x a ,x 3 ) :— u(x a ) + e n x 3 b(x a ) and b n (x a ) := b(x a ) as test functions for £00(17,6, A) and using the 
p-growth condition (5.1), we get that 

(6.10) £«,(«, b, A) < (3 J (1 + \V a u\ p + \b\ p ) dx a + U\S U n A). 

The same inequality holds for arbitrary functions b e L p (ui;R 3 ) thanks to the density of smooth maps 
into L p (uj;R 3 ) and the sequential weak lower semicontinuity of £oo(u, -,A) in L P (A;R 3 ). The remaining 
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of the proof is very classical and is essentially the same than that of [4, Lemma 3.6]. As usual, the most 
delicate point is to prove the subadditivity of £oo(u, b, •) and this is done by gluing together suitable 
minimizing sequences by means of a cut-off function. The argument still works with the presence of 
the bending moment since the cut-off function is chosen independently of X3 . One should once more be 
careful when applying a diagonalization argument because of the weak convergence in L p . As already 
mentioned in Remark 6.5, it is still allowed in the case where we include the bending moment since dual 
of L p is separable. □ 

As a consequence of Lemma 6.6 and Lebesgue's Decomposition Theorem, there exists a £ 2 -measurable 
function / and a H 1 ]— S^-measurable function g such that for every A G A(u>), 

(6.11) £00 M, A) = f f dC 2 + f gdH 1 . 

J A JAnS u 

Since the measures £ 2 and H 1 L S u are mutually singular, / is the Radon-Nikodym derivative of (u,b,-) 
with respect to £ 2 , 

f(x ) = lim — — , for C -a.e. x G u 

p-o £ 2 {B'(x ,p)) 

and g is the Radon-Nikodym derivative of (u, b, •) with respect to H'L^, 

6.3. The upper bound. We first show the upper bound. To this end, we will use the locality property 
of the r-limit proved in the previous subsection when u G BV(ft;M. 3 ) n -L°°(f2;R 3 ) and the analogue 
T-convergence result in Sobolev spaces (Theorem 5.1). 

Lemma 6.7. For all u e BV(ri;R 3 ) and allbeL p (u;;R 3 ),£(u,b,Lj)<g(u,b). 

Proof. It is enough to consider the case where 0(u 7 b) < +00 and thus u G SBV p (uj; R 3 ). In fact, we will 
first restrict to the case where u G L°°(lj; R 3 ) n SBV p (ui; R 3 ) because thanks to Remark 6.3, it allows us 
to replace £ by £oo. According to (6.11) and the definition of Q, we must show that g(xo) < 1 for H 1 -a.e. 
Xq G S u and f(x ) < W*(x , V a u(x )\b(x )) for £ 2 -a.e. x G ui. 

Let us first treat the surface term. By virtue of (6.10) with A = B'(x ,p), we have that for H}-a..e. 

x G S u , 

, \ ,. £oo(w,6,S'(a;o,p)) 

^ limsup 1 {/? / (l + |V a «| p + |6| p )da : a+W 1 (S«nB , ( a: o,p))l 

p ^o rt 1 ^ r\B'{x ,p)) ^ Jb>(x ,p) J 

= limsup —7—— —7 — + 1, 

where we set p := /3(1 + |V a w| p + |6| p )£ 2 . But since p and H 1 L 5 U are mutually singular, we have for 
H x -&.c. x G S u 

KB'(x ,p)) 

Mtf(s„n% lP )) ' 

which shows that g(xo) < 1 for H 1 -a.e. G S u . 
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Concerning the bulk term, choose x a e w to be a Lebesgue point of u, V Q u, b and W*(-, V a u(-)\b(-)) 
and such that 



(6.12) 



Um H\S u nB'(x a ,p)) = o 



p^o £ 2 {B'(x ,p)) 

Remark that C? almost every points xq in u satisfy these properties and set uo(x a ) :— V a u(xo) x a 
and bo(x a ) ■= b(xo). For every p > 0, Theorem 5.1 implies the existence of a sequence {v?} C 
W^iB^xo, p) x /; R 3 ) such that v? -» u in LP(B'(x 0l p) X /; M 3 ) (thus a /ortzon in i 1 LB'(a;o, p) x /; 
f" /fVs^O,^)^ in L p OB'(x ,p);R 3 ) and 



- ; u ^ J ] ! 



lim 

n — >+oo 



B'(x ,p)xl 



W F „ ( x, V a < 



-V 3 rf rfx 



'(a=o,p) 



W*(a; a , V a u(xo)\b(x )) dx c 



Since uo € L°°(lj; K 3 ), by Lemma 6.2 and Remark 6.4, for any i] > we can find a sequence C 
W 1 ' p (B'(x ,p)xI;K 3 ) andC p > such that sup„ ||<|Uoo(b'(x ,p)xJ;IR3) < C p , < -> u in U>{B'{x , p) x 
7;R 3 ), £ f I V 3 wP{-,x 3 )dx 3 ^bo in LP{B'{x , p); K 3 ) and 



lim sup 

n^+oo JB'(x ,p)xI 



— V 3 w£ ) (/.( 



< 



B'(x ,p) 



VF*(a; Q , V Q u(a;o)|6(xo)) dx Q + C (B'(x , p))r). 



Thanks to (5.5) and the separately convex character of W*(xo,-\') ( see the proof of Theorem 5.1), it 
follows that W*(xq, •{•) is p-Lipschitz. Thus our choice of xq implies that 



(6.13) lim sup lim 



sup 4 W Sn ( i,V a < 

+oo J B'(x Q ,p)xI 



and from the coercivity condition (5.1), we get 
(6.14) sup 4 

p>0,n£Nj B'(x ,p)xl 



— V 3 < ) dx < W*(x , V a u(x )\b(x )) + tj 



dx < +00. 



Let b k eC c =°(w;I 3 ) be such that b k -> 6 in LP(w; M 3 ) and define 

"^(s:) := M(x a ) + e„a;3(6 fe (a; Q ) -6(x )) + z 3 ) - V q m(x )x q . 

Then, u p n k u in L^B'fo.p) x /;K 3 ), £ f f V 3 < fe (-, x 3 ) dx 3 ->■ 6 fc in D>{B'{x , p); M?) as n -> +oo 
and sup„ ||ti^ fe ||L«(B'(x ,p)x/ ; R3) < +°°- Tnus > sincc >$< fc n (B'(x ,p) x J) = (S u n B'(a;o,p)) x /, we 
get that 



(u,bk,B'(xo,p)) < liminf < / 

n-+oo ^y s , (a . 0)p)xJ 



So n(S'(xo,p)x/) 



< liminf/ W eri ( a, V Q u(a; a ) - V a t*(xo) + V Q io£(a;) 



dH 2 



+£„2; 3 V Q 6 fc (x Q ) — V 3 w£(x) + 6 fc (a; Q ) - b(x )) dx 



+H 1 (S u nB'(x Q ,p)). 
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Thus from (6.12), we obtain 

f( x o) < lim inf lim inf lim inf -f W e ( x, V a u(x a ) — \7 a u(x a ) + V a w p (x) 

+e„x 3 S7 a b k (x a ) — V 3 i<(x) +b k (x a ) ~b(x )j dx. 
Relations (6.9), (6.13), (6.14) and Holder's inequality yield 

f(%o) < lim inf lim inf lim inf < 4 W e (x,V Q u>£ — \7 3 w^) dx 

+c4 (l + \W a u(x a ) - VMxoW 1 + \h{x a ) - %o)r 1 

JB'(x a , P )xI \ 

+ | (v a <(x)| ^V 3 <(x)) f" 1 + sP-^VabkixaW-A (\V a u{x a ) - W a u(x )\ 



+£ n \V a b k (x a )\ + \b k (x a ) - b(x )\jdx j 
< W*{x ,\7 a u{xo)\b(x )) + rj 

+c limsup < 4 (l + \V a u(x a ) - V a u(x a )\ p + \b(x a ) - b(x )\ p ) dx a 

P^O [Jb'(x ,p) J 

x \ 4 (|V a «(x a ) - V Q u(x )| p + \b{x a ) - b(x )\ p ) dx a 

\JB'{x ,p) 



(p-l)/p 



1/p 



Thanks to our choice of x and letting 77 — > 0, we conclude that f(xo) < W*(x , \7 a u(x )\b(x n )) for 
£ 2 -a.e. xo <E u> which completes the proof in the case where u e L°°(u>;M. 3 ) (~1 SBV p (oj; M 3 ). The general 
case can in turn be treated by approximation exactly as in the proof of [4, Lemma 3.8]. □ 

6.4. The lower bound. Let us now prove the lower bound. The proof is essentially based on Theorem 
4.1 and a blow up argument. 



Lemma 6.8. For all u e BV{Q,\ R 3 ) and all b e L p (lj;R 3 ), £(u,b,u>) > Q{u,b). 

Proof. It is not restrictive to assume that S(u,b,oj) < +00. By T-convergence, there exists a sequence 
{u n } C SBV p {Cl;R 3 ) such that u n -> u in L 1 ^; M 3 ), j- V 3 u„(-, x 3 ) cte 3 6 in LP(u;R 3 ) and 



(6.15) 



lim 



/ 



W e „ X,V a U, 



—WsuAdx+J \(vu n ) a —{vu n ) : 



dH 2 



= £(u, b, bS). 



Arguing exactly as in the proof of [4, Lemma 3.9], we can actually show that u € SBV p (ui; R 3 ) and 
that u n u in Sl?V p (fi; R 3 ). Now for every Borel set E C w, define the following sequences of Radon 
measures: 



\ n (E) := W Sn [ -,V a u n — V 3 u n )C 3 ]_(ExI) 



( K») Q — 



w 2 i_(s u „n(£x/)) 



and 



W 2 L(S u „n(i?x/)). 



Then for a subsequence (not relabeled), there exist nonnegative and finite Radon measures A and /_t € 
M{u>) such that A„ A and \x n /j in .M(w). By the Besicovitch Differentiation Theorem ([3, 
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Theorem 2.22]), one can find three mutually disjoint nonnegative Radon measures A a , A J and A c such 
that X = X a + X j + X c where A a < C 2 and X j < W X L 5 U . It is enough to check that 

dA-j 

(6.16) — r- — — (x ) > 1, for W -a.e. x e 5„ 

art l_ o u 

and 

cZA a - 

(6.17) -j^(x ) >W*(x 07 W a u(x )\b(x a )), for £ 2 -a.e. x E w. 

Indeed, if (6.16) and (6.17) hold, we obtain from (6.15) that 

£(u,6,w) > X(oj) = X a (uj) + X j (uj) + X c (oj) 

> f w*(x a ,v a u\b)dx a + n\s u ) = g(u,l). 

We first prove (6.16). Fix a point x <E S u such that 

dXi , . rfA 

"( X o) = -77771 o (^o) 



exists and is finite and remark that H 1 -a.e. points in satisfy this property. Let {pk} \ + be such 
that X(dB'(x ,p k )) = for each k e N. Then, 

rfA X(B'(x ,Pk)) 
-(x ) = lim 



A„(B'(a;o,Pfe)) 



= lim lim 

fc^+oon^+oo ^(Su n B'(x ,pk)) 

> liminfliminf^^; g n ^^ fc \ X /». 

fc^+oo n— +00 W^Su ("1 B'(x ,Pk)) 

By [3, Theorem 4.36], we have that 

liminfW 2 (5 u „ n {B'{x ,p k ) x J)) > H 1 (S u n B' (x , Pk )) 

n— >+oo 

hence we obtain (6.16). 

Let us prove that (6.17) holds at every point x <G oj\N (where N C to is the exceptional set introduced 
in Proposition 5.2) which is a Lebesgue point of both V a u and b, a point of approximate differentiability 
of u such that 

dX a dX 
^(*o) = ^(*o) 

exists and is finite and satisfying 

(6.18) lim = o. 

v ' p^o 2p 

It turns out that £ 2 -a.e. points xq in satisfy these property. Indeed, the verification of (6.18) is 
similar to the one of (3.2) used in the proof of Theorem 3.2. As before, let {pk} \ + be such that 
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\(dB' '(x , p k )) = for every k e N, then 



dX_ ( x _ ,. A(g'(x ,p fc )) 



= lim lim 



A n (B'(a;o,Pfc)) 



(6.19) 



ft^+oo n->+oo C 2 (B'(xq, Pk)) 

> lim sup lim sup r2(T> .} rr / W En (x,V c 

k^+oo n^+oo L (B (XQ,Pk)) JB'(x , Pk )xI V 
1 



Vzlln I dx 



lim sup lim sup / W £n ( x + p k x a , x 3 , V Q u„.fc — V 3 u„ ifc ) dx, 
k ^ +oc „^ +00 £ 2 (B') 7 B , x7 



where w n ,fc(x a , £3) = [u„(x + pkX a , x 3 ) — u(x )]/pk- Since x n is a point of approximate differentiability 
of u, we have that 



(6.20) 



lim lim / \u n k(x) — V a u(xo)x a \ dx = 

;^+oori^+oo u / B , x/ 



and using the fact that x is a Lebesgue point of b, for every v e i p (£?'; R 3 ) we get that 

(6.21) lim lim / [ — / X7 3 u n . k (x a , x 3 ) dx 3 ) ■ v(x a ) dx a = / b(x a )-vdx a 

n^+co J B , \ s n J j J J B , 

Changing variables in the surface term and thanks to (6.18), it yields to 



lim sup lim sup 

fc^+oo J s Un k n(B'xi) 



,k} 3 



dn z 



= lim sup lim sup — f ((^n) — { v u n ) 

Pk Jsu n n(B'(x ,Pk)xi) V a £ n 



dH 1 



< lim sup lim sup 

k— >+oo n— >+oo 



p n (B'(x Q ,p k )) 
Pk 



(6.22) 



p(B'(x 0l pk)) n 
< lim sup — = 



k — >+oo Pk 

because p(dB'(x , pk)) < X(dB'(x , pk j) = 0. Set 



(6.23) 



M := max • 



C 2 {B') 



(|^H + 1 )) 1/P ' l^o)l^ 2 (S') 1/p | < +00. 



From (6.19)-(6.22), using a diagonalization argument, the fact that L p (B';R 3 ) is separable and Remark 
5.3, we can find a sequence n(k) f +00 such that, setting 5k ■= £ n (k)/pk, «fe := «„(t)i, uo(x a ) := 
Vu(x )x a and bo(x a ) ■= b(x ), then S k — > 0, v k — > u in L X (B' x I;M 3 ), y- Jj V 3 v k (-, x 3 ) dx 3 — 6 in 
iP(B';R 3 ), 



(6.24) 



dW 2 = 0, 



( 6 - 25 ) ~nk( x °) - limsu P F275n / ( x ° + / 9 fe x "' a; 3,V Q w fc 

k^+00 >~ (,-£> ) Jb'xi \ 



—V 3 v k ) dx 

Ok 
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and for every (u,b) G IP{B' x I:R 3 ) x L P (B';R 3 ) with ||6|| iP(B ,. R3) < M, the T-limit in L P (B' x I;R 3 ) x 
LP W (B';R 3 ) of 



IB'xI 
+OO 

coincides with 



ti € W^B' X 7;R 3 ), 
^ = 37 J/ V 3w(-, 2:3)^x3, 



otherwise 



B' 

+OO 



otherwise. 

From (6.24), (6.25) and (a slight variant of) Lemma 6.2, for any < 77 < 1, there exist a constant C > 
and {w k } C SBV P {B' x 7;R 3 ) such that w fc -> u in L X (B' x J;M 3 ), ^ Jj V 3 w fe (-, x 3 ) dx 3 6 in 
LP(B';M 3 ), su P/c 11^11^(^x7*3) < C, 



dW 2 = 



and 



dX 
dC 2 



(x ) > limsup 1 / W £n(fe) (.x + PfcX a ,a;3, V Q w fe 

fe^+oo (.-£> J JB'xI \ 



1 



V 3 Wfe dx - 77. 



From the p-coercivity condition (5.1) and [3, Theorem 4.36], the sequence {w k } converges weakly to 
u in SBV p (£l;R ) and it fulfills the assumptions of Theorem 4.1. Thus, for a not relabeled subse- 
quence, one can find another sequence {z k } C W 1 '°°(B' x I;R 3 ) such that z k — ^ u in W 1 ' P {B' x I;M 3 ), 
^- jjV 3 z k (-,x 3 )dx 3 6 in i p (73';R 3 ), { | (V Q z fe |^-V 3 z fe ) | p } is equi-integrable and £ 3 ({z k ^ w k } U 
{V^fe 7^ Vw fe }) -> 0. Hence 



dX 1 



xq + p k x a ,x 3 ,V a z k 



— X7 3 z k J dx Tj 



I {w k =z k } 

and using the p-growth condition (5.1), the fact that { | (V a Zk\ jf^ 3 z k) | P } is equi-integrable and that 
C 3 ({z k ^ w k }) -> we get, 

1 



lim 

k 



sup / 

+00 J\ 



{■Wk^Zk} 



,(fc) 



xo + PkX a ,x 37 V a z k 



S k 



V 3 Zfc ) dx = 0. 



As a consequence 
dA 



— o(xo) > limsup- 



1 



B'xl 



e„ (fc ) 



dC? v ~ u/ - ~ k ~lZ &(B< 
and by the p-coercivity condition (5.1) and (6.23), 
1 



XQ + p k X a ,X 3 , V a Zk 



— V 3 Zfe ) dx - j] 
o k 



T / V 3 2; fc (-,x 3 )c?x 3 
Ok Ji 



< M, ||6o|Up(B':R3) < M. 



Lp(B';R 3 ) 

Thus by our choice of the subsequence n(k) and Remark 5.3, we get that 

dX 



dC? 



(x Q ) > W*(x ,V a u(x )\b(x Q )) - 77. 



Letting r\ tend to zero completes the proof of (6.17). 



□ 



Remark 6.9. Note that it seems difficult to think of applying the decoupling variable method introduced 
in [7] and further developed in [5, 6]. Indeed, this generalized framework has the drawback that we have 
no information on the way that W £ depends on e, and it requires application of such abstract results as 
metrizability of T-convergencc. Remark also that the same kind of blow-up argument considered here 
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could have been used in [5, 6, 7] in place of the decoupling variable method, in order to treat the presence 
of the spatial variable. 



7. CASE WITHOUT BENDING MOMENT 

In this last section, we deduce from Theorem 6.1 a similar result without the presence of the bending 
moment. Define X e : L P (Q; R 3 ) -» [0, +oo] by 



J e (u) := 




\V ( .r.V„(/ -V :i // ) (I.i if «e W^iQ; 

otherwise. 

In [12, theorem 2.5], it has been proved the following integral representation result: 

Theorem 7.1. For every sequence {e n } \ + , there exist a subsequence (not relabeled) and a Caratheodory 
function W : lo x R 3x2 — > [0, +oo) ( depending on the subsequence) such that the sequence I £n Y -converges 
in LP(Q;R 3 ) to J where 

_ ^ ( [ W(x a ,V a u)dx a ifueW^i^M 3 ), 

[ +oo otherwise. 

We refer to [22, 12, 7, 5, 6] for more explicit formulas in particular cases. 

Remark 7.2. As it has been pointed out in [7] in the case where W e was independent of e (see also [9]), 
it can still be seen here that 

W(x ,l) = m.m W*(x ,l\z) 

zGR 3 



for all £ G R 3x2 and a.e. x e u. 

Define now T E : BV{Vl; R 3 ) -> [0, +oo] by 



n 



W s x, \7 a u 



-V 3 M ) f/.f 



dW 2 ifue5Syf(fi; 



+oo otherwise. 



As a consequence of Theorem 6.1, Theorem 7.1, Remark 7.2 and a standard measurability selection 
criterion (see e.g. [17, Theorem 1.2, Chapter VIII]) we get the following integral representation result for 
dimension reduction problems in SBV without bending moment: 

Theorem 7.3. For every sequence {e n } \ + 7 there exists a subsequence, still labeled {e n } such that 
T Sn T-converges in Lj(0;R 3 ) to T : BV(Q; M 3 ) -> [0, +oo] defined by 



T{u) 



{ J W(x a ,V a u)dx a +H 1 (S U ) ifueSBVP(uj; 



+oo otherwise, 
where W is given by Theorem 7.1. 
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